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T h e  p r o c e s s  o f  d e v e l o p m e n t  of  convect i 'on  in  a t w o - d i m e n s i o n a l  r e g i o n  of s q u a r e  c r o s s  
s e c t i o n ,  w h i c h  i s  h e a t e d  f r o m  be low,  i s  i n v e s t i g a t e d  n u m e r i c a l l y .  The  r e s u l t s  a r e  
c o m p a r e d  wi th  e a r l i e r  e x p e r i m e n t a l  r e s u l t s .  

T h e  p r o c e s s  of  d e v e l o p m e n t  of  n a t u r a l  c o n v e c t i o n  in  a t w o - d i m e n s i o n a l  f lu id  l a y e r  w a s  i n v e s t i g a t e d  
in  [1] b a s e d  on the m e a s u r e m e n t s  of  n o n s t a t i o n a r y  f i e l d s .  I t  w a s  shown tha t  one  of  the  c h a r a c t e r i s t i c  f e a -  
t u r e s  of  t h i s  p r o c e s s  i s  the  e x i s t e n c e  of  a p e r i o d r ,  o f t h e  i n d u c t l o n o f  convec t ion .  The e x p e r i m e n t a l  r e s u l t s  
o b t a i n e d  in  [1] w e r e  g e n e r a l i z e d  in  the  f o r m  of  the  fo l lowing  f o r m u l a :  

x, = 70Ra-2/3pr-I/G for P r > .  lO and R a >  104. 

In the present article the process of development of convection is investigated numerically and the 
results are compared with the experimental results.  

We i n v e s t i g a t e d  a r e g i o n  of  s q u a r e  c r o s s  s e c t i o n  f i l l e d  wi th  an  i n e r t  f lu id  and  i n c l u d e d  b e t w e e n  two 
h o r i z o n t a l  p l a t e s  (y = 0 and y = h) ,  he ld  a t  c o n s t a n t  t e m p e r a t u r e s  T 1 and T o r e s p e c t i v e l y  wi th  T 1 > T 0. The  
v e r t i c a l  p l a t e s  (x = 0, x = h) a r e  t h e r m a l l y  i n s u l a t e d .  A t  the  i n i t i a l  t i m e  the t e m p e r a t u r e  of the f lu id  i s  

T O �9 

T h e  n o n d i m e n s i o n a l  e q u a t i o n s  d e s c r i b i n g  the p r o c e s s  have  the  fo l lowing  f o r m :  

s 
' Pr (vv)v = --VP -!  Pr hv -i- RaO~; 

Or 

The  i n i t i a l  c o n d i t i o n s  a r e :  

00 : Pr vv0 === h0; VV = 0. (2) 
0r 

o(q, ~, o ) :  v'i~l L o )=  o; (3a) 
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I s o t h e r m s  and  s t r e a m  func t ions  (Ra = 1.7" 1O a, P r  = 20): a) ~- = 1.2 
�9 10"2; b) 2 . 9 . 1 0 - 2 ;  c) 1 . 1 0  -4. 
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Fig.  2. Dependence of 0 on  ~" (a) for  d i f ferent  ~ : 1) ~ = 0.1; 2) 
0.2; 3) 0.3; 4) 0.5; 5 )0 .7 ;  6) 0.8 and dependence of I ~ m l  on r (b). 

and the boundary conditions a re :  

~.=0,  0 = 1 ,  v = 0 ,  ~ = 1 ,  0 = 0 ,  5 = 0 ,  ~l- -0: l ,  a g - 0 ~ - 0  (3b) aq - ' - ' 

the coordinate  ~ = y / h  is d i rec ted  aga ins t  the gravi ta t ional  force .  

The following quanti t ies a r e  chosen as  the sca les  of d is tance ,  t ime ,  veloci ty ,  p r e s s u r e ,  and t e m -  
p e r a t u r e :  

h, a v/h,  9va 
h--~-, h 2 , ('1"1-- To). 

The s y s t e m  of equations (2)-(3a, b) was  solved by the method d i scussed  in [21. Ray l e igh ' s  n u m b e r  was 
v a r i e d  in the range  103-5 �9 104. P r a n d t l ' s n u m b e r w a s k e p t c o n s t a n t  in the computat ions  and was equal to 20. 

The pa t t e rn  of development  of convect ion is shown in Fig.  1 for Ra = 1.7.104. Since the pa t t e rn  is 
s y m m e t r i c ,  i so l ines  of  the s t r e a m  function a r e  shown on the lef t  and i s o t h e r m s  on the r ight .  In the b e -  
ginning at  the bot tom su r f ace  of the fluid the convect ion mot ion a p p e a r s  in the fo rm of two vo r t i c e s  ro ta t ing  
in opposi te  d i rec t ions .  The va lues  of the s t r e a m  functions i nc rea se  with t ime  and the vo r t i ces  move  in the 
d i rec t ion  opposi te  to the force  of gravi ty  and occupy the en t i re  volume of the fluid. A two-vo r t ex  cell  is 
fo rmed ;  a t  the cen te r  of this cell  the fluid r i s e s  and subs ides  a t  the the rma l ly  insulated edges.  The in-  
c r e a s e  in the magnitude of the s t r e a m  functions and the extension of the vo r t i c e s  to the ent i re  volume of 
the fluid is  suff icient ly rap id ,  only ove r  a ce r t a in  t ime  in te rva l ,  i .e . ,  the induction per iod  of the convec-  
tion. The magnitude of the s t r e a m  function and the na ture  of  development  of convection depend on the 
Rayle igh  number .  
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Fig.  3. Dependence of ~ on ~ for  ~ = 0.5 for  
d i f ferent  ins tants  of t ime  T (a): 1) ~- = 2 .10 -2 ;  
2) 3.5 "10-2; 3) 5 .10-2 ;  4) 1.25 "10"4; 5) 4"10  -1 
and the dependence of ~ on t ime  for  di f ferent  

(b)- 1) ~ = 0.3; 2) 0.5; 3) 0.7; 4) o.s.  
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Fig.  4. Dependence of log T ,  
on logRa :  1) computed on a 
compute r ;  2) curve  computed 
f r o m  fo rmula  (1). 

The dependence of O on T is shown in Fig. 2a :for fixed ~? (~? 
= 0.5) and different  va lues  of  ~. The dashed l ines  show the s a m e  
dependence for  Ra = 0. The t e m p e r a t u r e  field for  Ra = 0 is inde-  
pendent  of ~ and co r r e sponds  to the field obtained f r o m  the solution 
of the p rob lem of n0ns ta t ionary  t he rma l  conductivity in a plane 
l a y e r  [3]. 

In the beginning the t e m p e r a t u r e  in the fluid l aye r  i nc rea se s  
only due to t h e r m a l  conductivi ty;  l a t e r  the convect ive mot ion de -  
velops  at  the lower  boundary.  The ve loc i ty  of the fluid does not d e -  
pend on ~. L a t e r  on an inflection is obse rved  on the heat ing c u r v e s ,  
which co r re sponds  to a s t rong  contr ibution of the convect ive hea t  
t r a n s p o r t  in the total t r a n s p o r t  of heat.  This  instant  coincides with 
a sha rp  b u r s t - t y p e  i nc rea se  of the s t r e a m  function [ Cm I in absolute 
magnitude (Fig. 2b). The m o s t  pronounced bending of the heat ing 

cu rves  appea r s  for  suff icient ly l a rge  ~, i .e . ,  for those  fluid l aye r s  where the t he rma l  conductivity m a k e s  
a l m o s t  no contr ibut ion to the heating.  The t e m p e r a t u r e  field has  two s y m m e t r i c  regions  in which the t e m -  
p e r a t u r e  va r i a t ion  in the ve r t i c a l  d i rec t ion  is smal l .  

We shall  c h a r a c t e r i z e  the effect  of convect ion on the t e m p e r a t u r e  field by the quantity 

- 0 (~, ~, ~, ~ a )  - -  ~ (L" ~, 0) ,  

where  ~ is  the solut ion of the p rob lem for  Ra = 0. The dependence of ~ on ~ is shown in Fig. 3a for  
= 0.5 and for  di f ferent  ins tants  of t ime.  Befo re  a ce r t a in  instant  d = 0 for  al l  ~. As the convect ion develops 

becomes  nonzero only for  sma l l  va lues  of  ~, i .e . ,  the convect ion covers  a na r row  l aye r  at the heated 
su r face .  With t ime  the m a x i m u m  of ~ shif ts  toward l a r g e r  ~ inc reas ing  in magni tude,  i .e . ,  the con t r ibu-  
tion of  convect ion to hea t  t r a n s f e r  b e c o m e s  s ignif icant  in the vor t ex  pa r t  of the fluid l aye r .  The in tens i f i ca -  
tion of hea t  t r a n s f e r  f rom the lower  heated l a y e r s  of the fluid to the upper  co lder  l a y e r s  r e su l t s  in a de -  
c r e a s e  of ~ in the reg ion  of smal l  ~ (i .e. ,  0 - -  ~). 

Star t ing f rom a ce r t a in  t ime  ins tant  ~ change s with t ime quite sha rp ly  (for diffe rent  ~), which indicate s 
a rap id  r e p l a c e m e n t  of  the conduction r e g i m e  of heat  t r a n s f e r  by the convect ive r eg ime .  The l a t t e r  p e r -  
m i t s  to de t e rmine  the pe r iod  of induction of the convect ion development  ~-,, s t a r t i ng  f rom which convect ive 
heat  t r a n s f e r  through the fluid l aye r  plays  an impor tan t  role  in the overa l l  heat  t r a n s f e r .  The method of 
de te rmin ing  T ,  is c l ea r  f rom Fig.  3a; T ,  de t e rmined in  this wayco inc ides  w i thT ,  obtained f r o m  the d e p e n -  
dence [ Cml(V) (see Fig.  2b). The fact that  T ,  has a weak dependence on ~, p e r m i t s  to cons ider  a common 
T ,  for  the en t i re  fluid l aye r .  The quantity a = Aw/T, (see Fig.  3a) r e f l ec t s  the nature  of development  of 
the convection.  At values  of Ra sl ightly different  f r o m  R a ,  a is l a rge  (of the o r d e r  of 1) ~nd for  Ra = R e ,  
the per iod  of induction of  the convect ion is uncer ta in  ( i .e . ,  in this case  r ,  is equal to the t ime  of heat ing 
of  the en t i re  fluid l ayer ) .  

An invest igat ion of the p rob lem in conditions of Newtonian heat  t r a n s f e r  at the vo r t ex  su r face ,  i .e. ,  
for  boundary  conditions ~ = 0, 0 = 0, and ~ = 1, - - ~ O / ~  = Bie ,  showedthat  r ,  is  p rac t i ca l ly  independent 
of the Blot number  (Bi). Phys ica l ly  this i s  quite c l ea r ,  since the value of Bi should af fec t  not 0nly the development  
o feonvee t ionbu t  a lso  the e s t ab l i shment  of the s ta t ionary  convect ive reg ime (for Ra > Re , ) .  

The dependence of log~- ,  on l o g R a  is shown in Fig. 4. I t  is evident f rom this f igure that the r e s u l t s  
of the numer i ca l  computa t ion  a r e  in good a g r e e m e n t  with the exper imenta l  r e su l t s .  The computed  curve  1 
can  be desc r ibed  by the following fo rmula  for  Ra > 2000: 

A Ra '/3 
�9 , = - -  (4) 

R a - - B  ' 

where  A = 36, B = 1500. F o r  Ra >> B we obtain the dependence T ,  ~ Ra-2/"~. Th i s  p rac t i ca l ly  co r r e sponds  
to the values  Ra > 104. Fo r  Ra --* B (B c lose  to R a ,  in magnitude) z ,  ~ ~. 

N O T A T I O N  

h is  the height  of  the fluid l aye r ;  
, ~ a r e  t h e  d imens ion less  coord ina tes ;  

T is the d imens ion l e s s  t ime ;  
T ,  is  the per iod  of induction of convect ion development ;  
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temperature; 
dimensionless temperature; 
velocity vector; 
density; 
coefficient of kinematic viscosity;  
coefficient of thermal  conductivity; 
unit vector directed against the force of gravity; 
Prandtl number; 
Rayleigh number; 
critical Rayleigh number; 
Blot number. 
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